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Thereis asimple and powerful integrator (the ‘asynchronousleap-frog integrator’) for the general ordinary differential equation
whichis strictly reversiblein the sense that each discrete trgjectory can be reconstructed exactly if only the final state is known.
It is an interesting question how such a behavior manifestsitself in situationswhere the physical process represented by the
differential equationis not reversible. We are going to study this now by consideringa simple example.

A well-knownirreversiblephysical processis the emptying of awater-filled bucket due to a holein the bottom. The water level
h above the bottom is a decreasing function of time, for which self-suggesting idealizations and considerations(including the
choice of adjusted units of length and time) yield the differential equation defined within the following DSolve function call.
Unfortunately Mathematica 7 does not find the solution, although it is straigtforward to find for a human calculator. The
solutionwhich satisfiestheinitial conditionh(0) = hg isgivenas afunctiondefinitionin (1.3).

mp= fh_1:=1f[h<0, 0, -Sqrt [h]] (* 1.1 %)
DSol ve[{h' [t] = f [h[t]], h[O] =hO}, h[t], t] (* 1.2 %)
hExact [t_, hO_]:= If[t >2 Sqrt [h0], O, hO -t Sqrt [hO] + (t /2)72] (% 1.3 %)

The exact solutionfor variousinitial conditionshy and time ranges can be studied in the next interactivedisplay:

inf4:= Mani pul at e[
Pl ot [hExact [t, hO], {t, O, tMax}, AxeslLabel -» {t, h[t]},
Pl ot Label -» "The exact solution of the | eaki ng bucket equation"],
{{t Max, 2.5}, 0.1, 20}, {{hO, 1}, 0.1, 10}
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Integrator according to the asynchronousleap - frog method. Notice that the function stepALF is defined to take two argu-
ments, the first being of the 'type’ state. In Mathematica objects have no internal state; the data associated with them have to
comewith the argumentsx, v, and t.
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5= StepALF[state[x_, v_, t_], dt_]:=
Modul e[{t = dt /2, ta=t, xa=X, va =V},
ta += t;
Xa += var;
va = 2f [xa] -va;
Xa +=var,
ta +=t;
state[xa, va, ta] (*x return value x)
1 (x 1.4 %)

Integrator according to the Runge-K utta second order method. To have the same logic as for the leap-frog method, the velocity
is made part of the state data. Unlikethe leap-frog method, the present method needs memory for intermediary state data and
more than one evaluationsof f. We use this method here for comparison. The method is not reversibleand the differencein the
behavior of the leap-frog method and the Runge-Kutta method can be seen in the next display by activating the 'useRK
checkbox'.

ne:= stepRK[state[x_, v_, t_], dt_]:=
Modul e[{z = dt /2, ta=t, xa=Xx, va=yv, ki, k2},
k1l = dt va;
ta +=t;
k2 = dt f [xa+kl/2];
xa += k2;
va = f [xa];
ta +=t;
state[xa, va, ta]
1 (* 1.5 %)

What followsis a commoninterfaceof the two integrators:

7= step[state[x_, v_, t_1, dt_, rk_]:=
I f[rk ==True, stepRK[state[x, v, t], dt], stepALF[state[x, v, t], dt]]

These access functionslet type state behave asiif it were a class with internal data (attributes):

ng= time[state[x_, v_, t_1]1:=t (* 1.6 %)
histate[x_, v_, t_1]1:= X (* 1.7 %)
hDot [state[x_, Vv_, t_]]:= Vv (x 1.8 %)

Thefollowinginteractivedisplay lets the bucket run empty and then change the time direction and evolvesthe state back to the
theinitial point 0 intime. We may switsch between leap-frog integrationand second order Runge-Kutta. Also, we may choose
to inspect the velocity (rate of change of the water level) instead of the water level itself. Notice the main point: Althoughthe
leap-frog integration represents emptying with sufficient accuracy from a practical point of view, the slightly non-constant and
non-zero '‘empty’ state still carries the information concerning the instant of actual emptying and thus allows to follow the
trajectory backwards in time. Although the asynchronousleap-frog method is exactly reversible, numerical noise may prevent
actual reversion of computed trajectoriesover very long time spans.
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1= Mani pul at e[
Modul e[ {v0, hO, t0, sO, val, valr, Ipl, Ip2, tMn=0},

v0 = f [x07;
hO = | f [show == True, vO, x0];
t0=0;

val = {{t0, hO}};
sO = state[x0, vO, tO0];
Wil e[t0 < tMax, sO =step[sO, dt, useRK]; t0 =tine[s0];
hO = | f [show == True, hDot [s0], h[s0]]; val = Append[val, {t0, h0}]1;
| p1 = Li stLinePlot[val, AxesLabel » {t, h[t]},
Pl ot Label » " Approxi mative solution of the |eaking bucket equation.
Red dots mark the reversed trajectory. Try the useRK-box ! "
1; (» doing a line plot of the natural notion %)
valr = {{t0, hO}};
Wiile[tO> tMn, sO=step[sO, -dt, useRK]; t0 =tine[s0];
hO = I f [show == True, hDot [sO], h[sO]]; valr = Append[valr, {t0, h0}]1;
Ip2 =ListPlot[valr, PlotStyle » Red]; (xdoing a list plot of the reverse notion )
Show[ {I p1, 1 p2}11,
{{x0, 13}, 0, 2}, {showv, {Fal se, True}},
{useRK, {Fal se, True}}, {{dt, 0.02}, 0.001, 1}, {{tMax, 2.5}, 1, 10}]
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